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Abstract 

Let {Lf ; (x, t) £ R 1 x R+} denote the local time of Brownian 
motion and 

/oo 
{L x t fdx. 
-oo 

Let T] = N(0, 1) be independent of at- For each fixed t 



as h — ► 0. Equivalently 



J^r 1 ~ Lf) 2 dx - At c /64\V2 



,3/4 V^* 
as i — > oo. 

1 Introduction 

In [7] almost sure limits are obtained for the L p moduli of continuity 
of local times of a very wide class of symmetric Levy processes. For 
Brownian motion the result is as follows: Let {L^ ; (x,t) G -R 1 x R+} 
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denote the local time of Brownian motion. Then for all p > 1, and all 
t G R+ 



lim 

HO 



Lr h -L? 



dx = 2 p E(\r]\ p ) [ b \L x t \ p/2 dx (1.1) 

J a 



for all a, b in the extended real line almost surely, and also in L m , m > 1. 
(Here rj is a normal random variable with mean zero and variance one.) 
When p = 2 and a = — oo, 6 = oo we can write f 1 1.11) in the form 



am r 

HO J-oo 



h 



L x ) 2 

— — dx = At a. s. 



1.2) 



This result in ( 11. ip uses the Eisenbaum Isomorphism Theorem, see e.g. 
P, Theorem 8.1.1], and is a consequence of a similar result for the 
Ornstein-Uhlenbeck process, (the stationary Gaussian process {G(x),x G 
R 1 }, with E(G(x) - G(y)) 2 = 2(1 - e-^)), which is that for all p > 1 



lim 

h-*0 Ja 



G(x + h)- G(x) 



dx = E\r]\ p (b 



Va, b G -R 1 a.s. 



(1.3) 

This is also obtained in [7], in which this question is considered for a 
very large class of Gaussian processes. The right-hand side of (I1.3P is 
the expected value of the left-hand side. Consequently, (11.31) can be 
thought of as a law of large numbers. In [5] we consider the central limit 
theorem for the left-hand side of (II. 3p . For the Ornstein-Uhlenbeck, 
when p = 2, we get 



lim 

Ho 



j b a {G{x + h)- G{x)) 2 dx - 2h(b - a) L 
W 2 ~ 



(16/3) 1/2 (b-a)r]. (1.4) 



The argument involving the Eisenbaum Isomorphism Theorem that 
is used in [7] to show that (11.31) implies (II. ip does not work to show that 
( 17. 2ft implies a similar result for the local times of Brownian motion. In 
this paper we obtain a central limit theorem corresponding to (11.11) by 
considering moments of 



Jm +i -L*) 2 dx. 



1.5) 



(An integral sign without limits is to be read as /. 



oo 
oo • 



2 



Let 

a t 



Jmfdx (1.6) 



and let r\ = N(0, 1) be independent of a t . We have the following weak 
convergence results. 



Theorem 1.1 For each fixed t 

J (L x+h — L x ) 2 dx — Aht c 



h 3/2 



c^/alr] (1.7) 



as h — > 0, where c = (64/S) 1 ^ 2 . 
Equivalently 



J(L X+1 - L x f dx - At c ^_ 

^c^/oIt] (1.8) 



t 3 /4 

as t — > oo . 

The equivalence of (11.71) and (11.81) follows from the scaling relationship 
{L x h . 2t ; (x, t) G R 1 x i?^} 4 {h- x L\ x ; (x, t) E R 1 x R\}, (1.9) 
see e.g. [HI Lemma 10.5.2], which implies that 

J (L x + h - L x f dx±h*J (Ljg - L^ 2 ) 2 da:. (1.10) 

Using this, and (11.71) with t — 1, and the change of variables /i 2 = 1/t 
gives QEBJ. 

We show in Lemma [8. II that 



E (I (L x+1 - L x f dx \ = At + 0(t 1/2 ). (1.11) 

Consequently, (11.81) can be written as 

J(L X+1 - L x f dx-E (J(L X+1 - L x t f dx 



t 3/4 

A similar weak law holds for (II. 7J . 



^c^a[r] (1.12) 



In the proof of Theorem 11.11 we use the following result which is of 
independent interest: Let {L^, L°[ ; (x,t) G -R 1 x R 1 ^} denote the local 
times of two independent Brownian motions and let 



P., t = J L x s L x t dx (1.13) 
denote their intersection local time. 
Theorem 1.2 For each fixed s,t 

m+ h -L*)(L* +h -L*)dx c 



h 3/2 

as h — > 0, where C = (32/3) 1 ^ 2 . Consequently 
f(Lr 1 -L«)(Z? +1 -Z«)dz c 

as t — > oo. 



CVA,t ^ (1.14) 



C7A.1 (1.15) 



x+h 



We were motivated to try to find a central limit theorem for / (L 
L x ) 2 dx by our interest in the expression 

n \ n 

H n= 1 {s l =s J } - g XI IflSt-SiHi}* (1-16) 

which appears as the Hamiltonian in a model for a polymer in a repulsive 
medium, [4]. Here 5 := {S* n ; n = 0, 1, 2, . . .} is a simple random walk on 
Z 1 . Note that 

Hn^-Y, (ln-ln +1 Y (1-17) 

where = S" =1 l{5 i= x} is the local time for S. 

Theorems 11.11 and 11.21 are proved by the method of moments. In 
Section [2] we show that Theorem 11.21 follows immediately from moment 
estimates in Lemma [27X1 Lemma l2TTl itself follows from Lemma I2~2| which 
obtains the moments of an expression analogous to the one in Lemma l2~7Ll 
except that the fixed time t is replaced by independent exponential times. 
Lemma 12.21 is proved in Section HI Lemma 12.11 also requires Lemma 12.31 
which allows us to use Laplace transform methods. Lemma I2T31 in proved 
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in Section In Section [3] we derive some estimates on the potential 
densities of Brownian motion that are used throughout this paper. In 
Section [6] we show that Theorem 11.11 follows from Lemma 16.21 on the 
moments of an expression analogous to the left hand side of (11.71) . in 
which t is replaced by an independent exponential time. Lemma 16.21 is 
proved in Section [71 In Section [S] we obtain (11.111) . 

The basic tool we use for studying moments of local times is Kac's mo- 
ment formula. We use exponential times to make Kac's moment formula 
manageable. Moments at exponential times correspond to the Laplace 
transforms of the moments at fixed times. Since the left hand side of 
( 11.71) has no obvious monotonicity properties, an important part of our 
proof involves showing how to derive limit results for the moments of 
( 11.71) from limit results for their Laplace transforms. 

An alternate approach to proving Theorems 11.11 and 11.21 would be to 
use Tanaka's formula and martingale methods; (see [Hi [12]). For the 
results in this paper this would involve establishing results about the 
differentiability of triple intersection local times, as is done in [H] for 
ordinary intersection local times. We plan to return to this at a later 
date. 

Acknowledgment: We thank Andrew Poje for numerical integrations 
which convinced us that the results in Theorem 11.11 were correct and 
encouraged us to find a proof. 



2 Proof of Theorem [E2] 

We derive Theorem 11.21 from the next lemma which is proved in this 
section. 



Lemma 2.1 For all s,t > and all integers m > 

(2n)! /32\ n 



2»n! u) E {(I L ' l ' dX )} " m - 2n m 
otherwise. 
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Proof of Theorem D It follows from (6.12)] that 



E[^j(L:fdx) n )<C:({2n)\fl\ (2.2) 

Therefore, the right-hand side of (12.11) . which is the 2n-th moment of 
cJ f3 s> t f] is less than or equal to C™ t ((2n)!) 3 / 4 . This implies that c<J (3 S)t r/ 
is determined by its moments; (see [3| P- 227-228]). Thus (11. 14|) follows 
from [U Theorem 30.2], which is often referred to as the method of mo- 
ments. We then get (jl . 15j) by using the scaling relationship, (11.91) . □ 



The next two lemmas are used in the proof of Lemma 12.11 Lemma 
12 is proved in Section H] and Lemma 12.31 is proved in Section [5j 

Let A^ and A^ be independent exponential times with means l/£ and 
l/C respectively. 



Lemma 2.2 For each integer m > 0, and any > 0; 



lim E 



ff(Lt+ h -Ll ( )(q +h -I^)dx 



V 



V 



where 



(2n)! (32_y E 



h 3/2 



L \ L~ doc 



(2.3) 



if m = 2n 



2 n n\ V 3 ) 

otherwise. 
We write the statement of Lemma 12.21 in the form 

■j(L^ h -L^ s )(Lf +h -L-)dx\ 



(2.4) 



lim / / e-^'E 
h^O Jo Jo 



h 3/2 



ds dt 



L L e - c - c ' E { 



32 



T] m ( Y I L* s L*dr 



m/2~ 



dsdt. (2.5) 



For h > let 



and 

F ( S ,t;m) = E|r / m (||L:Z^x) m/2 |. (2.7) 
In this notation Lemma [2.21 states that for any £' > 

/•CO ^OO /'CO /'CO 

lim / / e- ( - s - ( > t F h (s,t]m)dsdt= / e- Cs - Ct F (s,t;m)dsdt. 

h^OJo Jo Jo Jo 

(2.8) 

(Note that Fq(s, t; m) = when m is odd.) 

Lemma 2.3 For a// integers m > 0, and < h < 1, Fh(s,t;m) is a 
non-negative, polynomially bounded, continuous increasing function of 
(s,t). 

Proof of Lemma 12.11 It follows from Lemma [2731 that Fh(s, t; m) is the 
distribution function of a measure Hh, m on R 2 + ; i.e. 

F h (s,t;m) = [ f dfi h:Tn (u,v). (2.9) 
Jo Jo 

For any < h < 1, consider 

roo poo 

/ / e-' :s ~ <:t F h (s,t;m)dsdt. (2.10) 
j o jo 

Since Fh(0, t; m) = Fh(s, 0; m) = 0, it follows from integrating by parts, 
(in which we use Lemma 12.31) . that for all (, £' > 0, 

roc poo poo poo 

CC / e^ t F h (s,t;m)dsdt= / 'd/^s, t). (2.11) 

JO JO JO JO 

We see from (EU) and fl27TTD that for any C, C > 0, 

/"CO /"CO /"CO /"CO 

lim/ / e-< s -< t d f i Km (s,t)= / e-^^ , m (s,t). (2.12) 

h^OJo Jo JO JO 

It then follows from (12.121) and the extended continuity theorem, [5J 
Theorem 5.22] that fih,m f^o,m- Using this and Lemma [2.31 we see that 

lim F h {s,t) = F {s,t), Vs,t, (2.13) 

h— >0 

which gives (12. ip . (Actually, [51 Theorem 5.22] is stated for probability 
measures on R^. The case of general measures on can be derived as in 
the proof of [3, XIII. 1, Theorem 2a]. Unfortunately [3J XIII. 1, Theorem 
2a] only considers measures on R+. Its extension to is routine.) 

□ 
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3 Estimates for the potential density of 
Brownian motion 

The a-potential density of Brownian motion, 

oo p -y/2a\x\ 

at'-'- e 



u a (x)= e- at p t (x)dt= — (3.1) 
Jo J2a 



Let X a be an independent exponential random variable with mean 1/a. 
Kac's moment formula, [61 Theorem 3.10.1], states that 

(n \ n 

n l z = e n « a (^(i) - ^(i-D) (s- 2 ) 

where the sum runs over all permutations 7r of {1, . . . , n} and tt(0) = 0. 
Let denote the finite difference operator on the variable x, i.e. 

A h x f(x) = f(x + h)-f(x). (3.3) 

We write A h for A£ when the variable x is clear. 

The next lemma collects some facts about u a (x) that are used in this 
paper. 

Lemma 3.1 Fix a,/3>0. For < h < 1, 
A h x A h v u°<{x- y ) 



2 I ^=— |=2/i + 0(h 2 ), (3.4) 



y=x 

h „,ai 



'2a 

\A h u a (x)\ < Chu a {x), (3.5) 

\A h A- h u a {x)\ < Chu a {x), (3.6) 

\A h A- h u a (x)\ < Ch 2 u a {x), V\x\>h. (3.7) 



In addition 



J (A h A- h u a (x)) (A h A- h u%x)) dx = (8/3 + 0{h))h 3 , (3.8) 



\x\>h 



A h A- h u a {x)) 2 dx = 0(/i 4 ), (3.9) 
J \A h A~ h u a {x)\dx = 0(h 2 ). (3.10) 



In all these statements the constants C and the terms O(h') may depend 
on a and f3. 



Proof Since 

. h a h„.a 



A h x A h y u a (x-y) (3.11) 
= {u a (x — y) — u a (x — y — h)} — {u a (x — y + h) — u a (x — y)} 



we have 



A£A}tt a (x-y) 



K(0) - u a {-h)} - {u a {h) - u a (0)} 



y=x 



2(u a (0)-u a (h)) = 2 



1 -e 



-\f2ah 



2a 



(3.12) 



which gives (13.41) . 

To obtain (13.51) we note that 



Atu a (x) 



e -V2a\x+h\ _ e -V2a\x\ 



(3.13) 



Therefore 

\A h x u a (x) 



2a\x\ 



2a 



2a{\x\~\x+h\) _ y 



(3.14) 



< e ~^ x \ [\\x\ - \x + h\\ +0(\\x\ - \x + h\\ 2 )) 



which gives (13.51) . (since we allow C to depend on a). 
To obtain (13.61) we note that 

\A h A~ h u a (x)\ = \2u a (x) - u a {x + h) - u a {x-h)\ (3.15) 
< \A h u a {x)\ + \A h u a {x-h)\, 



and use (13. 5ft . 

To obtain (13.71) we simply note that when \x\ > h, 



A h A- h u a (x) = 2u a (x)-u a (x + h)-u a (x-h) (3.16) 
= u° 



i a {x) (2 - 
9 



e ~V2ah _ e V2ah 



The statement in (13.91) follows trivially from (13.71) . 
For (13. 8p we note that for \x\ < h 

A h A- h u a {x) (3.17) 
= 2u a (x) - u a (x + h)- u a (x - h) 

= (u a {0) - u a {x + h)) + {u a {0) - u a {x - h)) - 2(w a (0) - u a {x)) 
= \x + h\ + \x-h\- 2\x\ + 0(h 2 ). 

Therefore when < x < h, we have 

A h A- h u a {x) = x + h + h-x-2x + 0{h 2 ) = (2 + 0(h))(h-x) (3.18) 

and similarly for A h A~ h u l3 (x). Consequently 

J k (A h A- h u a {x))(A h A- h u p {x)) dx = {A + 0{h)) J h {h-xfdx 

= {A/3 + 0{h))h 3 . (3.19) 

Similarly, when —h < x < it follows from (13.171) that 

A h A- h u a {x) = h-x + x + h + 2x + 0(h 2 ) = (2 + 0(h)){h + x) (3.20) 

and similarly for A h A~ h u l3 (x). Consequently 

u a {x)) [A h A- h u p {x)) dx = (4 + 0(h)) j° (h + x) 2 dx 

= [4/3 + 0{h))h 3 . (3.21) 

Using (13TT9|) . (13T2TD and we get (13T8D . 
To obtain (13 . 1 Q[) we write 

\A h A~ h u a (y)\dy (3.22) 
= / \A h A- h u a (y)\dy + [ \A h A~ h u a (y) \ dy 

J\y\<h J\y\>h 

<Ch I ldy + Ch 2 I u a {y) dy = 0(h 2 ), 

J\y\<h J\y\>h 

where for the last line we use (13.61) and (13 .7p . □ 
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4 Proof of Lemma 12.2 



Let X t , X t be two independent Brownian motions in R 1 . Let L|, Lf 
denote their local times, and let , A<^ be independent exponential times 
of mean 1/^, 1/C' respectively. Set 

& = Jl^l^dx. (4.1) 

It follows from f)3.2p . the Kac moment formula, that 

(m \ / m \ / m \ 

z» j = s (n^j £ (n^J (4.2) 

= E II uC (^(i) - ^(j-i)) drj 

TT j = l 

m 

TT' j = l 

where the sums run over all permutations u and 7r' of {1, . . . , m}, 7r(0) = 
7r'(0) = and xq = 0. Consequently, by setting each yi equal to Xi we 
see that 

E ( (/ L ^c Z ! c , 1 = * (ft / L % % dx ) ( 4 - 3 ) 

= E / (ft« c K(j) -^(j-i)) 

7r,7r' \j=l 



Similarly 



i=i / i=i 



ii 



= n A i £ n uC (^(i) - x -u-d) 

\i = l / TT j = l 

(m \ m 

UK £ II « c '(2/^-)- 
i=l / tt' 3=1 

Using the product rule for finite differences, 

A^)(x) = (A h f(x))g(x + h) + f(x)A h g(x) (4.5) 

we can write 

(m \ m 

iik eii^i-^-i)) 
i=l / 7T 3=1 

= E ft ((AUr W K (J - 11 )" aW - **->,)) (4-6) 

TT,a j=l v 7 

where the sum runs over tt and all a = (a\, a^) : [1, . . . , m] 1— > {0, 1} x 
{0, 1}, with the restriction that for each i there is exactly one factor of the 
form A£.. (Here we define (A^.)° = 1 and (Aq) = 1.) In this formula, 
vt'*(x) can take any of the values vt(x), u^(x + h) or u^x — h). (We 
consider all three possibilities in the subsequent proofs.) It is important 
to recognize that in (14.61) each of the difference operators is applied to 
only one of the terms 

Using (14. 6p we see that if we set Xi = i = 0, . . . , m in (|4.4j) we get 

E ((/ (Ll+ h - Lt ( )(L^ h - \)dxy^) (4.7) 
= ^ J Tj[(x; tt, tt', a, a') dx 



7r,7T ,a,a 



where x = (xi, . . . , x m ) and 

1~l(x; tt, tt', a, a') (4.£ 



3=1 

m 



k=l 



n(W < "( 4 U*'^-^i)' 
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and where the sum runs over all permutations tt and tt' of {1, . . . ,m} 
and all a = (ai,a 2 ) : [1, . . . , m] i— > {0,1} x {0,1} and a' = (a'^a^) : 
[1, . . . , m] i — ► {0, 1} x {0, 1} with the restriction that for each z there is 
exactly one factor of the form in the second line of (I4.8p . and similarly 
in the third line of (I4.8p . 
Let 

T h (x; 7i,7i',a,a) 

= n((Aj.J" W (Ai. (J . 1) )" W ^ w -^_ 1)) ) (4.9) 

nCKJ^K^)*""^)-^)))- 

fe=i 

The difference between ( 14. 8 p and (14.91) is that i^'" is replaced by and 
similarly for '". To simplify the computations we first obtain 

S / T h{x\ ir,ir',a,a')dx (4.10) 

7r,7r',a,o' 

and then explain why (14.101) is unchanged when Th is replaced by 
Recall that A /i /(m) = f(u + h) - f(h) so that 

A h A~ h f(u -v) = 2f{u - v) - f{u - v - h) - f(u - v + h). (4.11) 
Consequently 

A*A*f(u-v) = A h A- h f(u- v). (4.12) 

We proceed to evaluate 114. 10ft based on the different ways the dif- 
ference operators in H4.9I) are distributed. We examine these in three 
subsections. The reader will see that the only limits in (14. 1011 . that are 
not zero, come from the case considered in Subsection 14.11 

Let e = (e(l),...,e(2n)) where e(2j) = (1,1), e(2j - 1) = (0,0), 
j = 1 . . . n. 

4.1 a = a! = e and compatible permutations 

Let m = 2n and let V = {(hi-ijhi) , 1 < i < n} be a pairing of the 
integers [l,2n]. Let 7r and tt' be two permutations of [l,2n] such that 
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for each 1 < j < n, {vr(2j — 1), 7r(2j)} = {/2i-i, hi} for some, necessarily 
unique, 1 < i < n and similarly for tt' , i.e. for each 1 < j < n, {7f'(2j — 
l),7r / (2j)} = {hk-i,hk} for some, necessarily unique, 1 < k < n. In this 
case we say that tt and tt' are compatible with the pairing V and write 
this as (tt, tt') ~ V . (Note that {n(2j — 1), 7r(2j)} is not necessarily equal 
to {ir'(2j — 1), Tr'(2j)}. Furthermore, when we write {7i(2j — 1), 7r(2j)} = 
{hi-i, hi} we mean as two sets, so, according to what tt is, we may have 
7r(2j - 1) = fei-i, 7r(2j) = Z 2 i or n(2j - 1) = Z 2 i, 7r(2j) = / 2l -i- A similar 
situation exist for tt'.) We write it ~ 7r' to mean that (7r, 7r') ~ V for 
some pairing V . In this subsection we show that 



j 7r,7r',e,e) ]J dx 



(4.13) 



(2n)! /32/i 3 \ 



2«n! 



i=i 



0{h 3n+1 ). 



In Subsections 14.21 and 14.31 we show that 



tt/tt' Or (a,a')^(e,e) 



„ 2n 

/ T ft (x; tt, tt', a, a') J] = 0(h 3n+1 ). (4.14) 



Together these estimates give (12. ip . 

When 7r and 7r' are compatible it follows from (14.91) and (14.121) that 



T h (x; tt,it' ,e,e) 



(4.15) 



X J| ^(x^'-l) -X^j-2)] 
3=1 



f[ (A h A- h «f 



fc=i 



m s (a; vr /(2fc) — aV(2*-i) 



X JJ n C '(x 7r /( 2 fc-l) - Xy( 2 jfc_2))- 

fc=i 



We would like to integrate Th(x\ it, tt' , e, e) with respect to x but this 
is not easy because the variables 



{ x n{2j) — Xw(2j-1) )2V(2j) — 2V(2j-l) , j € 
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and 

{^7r(2j-l) - ^7r(2j-2) , ^7r'(2j-l) ~ 2V(2j-2) , j £ [1,™]} 

are not independent. To get around this difficulty we first write 

n 

1 = n( 1 {l*« 2i -*i 2 i-il<'»} + 1 {l*i 2i -*J 2i _ 1 l>h}) = J2 1 Da ( 4 - 16 ) 
i=l AC[l,...,n] 

where 

Da = {\xi 2i -xi 2i -A <h,ie A}n{\x l2i -x hi _ 1 \ > h, i G A c }. (4.17) 
and use it to write 



„ 2n 

/ n,n',e,e) JJ 

J 3=1 



dxj 



(4.18) 



/S 



2n 



where 



i=i v y j=i 



E 1<h = / T h(x] 7r,7r',e,e) J] ( 4 -!9) 



Let 

We have 



w c (x) = \A h A- h u c (x)\. 



/ T ft (x; 7r,7r',e,e) JJ da 

„ n 

< / Yl U< ( X n(2j-l) - Xn(2j-2))w C (x w ( 2 j) - X n ( 2 j-1)) 



(4.20) 



(4.21) 



2n 



X J| W C '(x7r'(2fc-l) -^7r'(2fe-2))w C '(x 7r /( 2 fc) - 2V(2fc-l)) JJ 



fc=l 



J'=l 



Let 



£>a = fej-i - a?2j-2| <h,j< \A\} n {|x 2 j-i - 2^-2! > h, j > \A\} 

(4.22) 
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Applying the Cauchy-Schwarz inequality in (I4.2ip to separate the terms 
in 7r from the terms in n', and then relabeling, we get 



. 2n 

/ T h (x; 7r,7r',e,e) J[ dXj 
j d a j=1 



. n 2n 

^ /~ II ( uC ( X 2j~l - %2j-2)) 2 (w C (x 2 j - X 2j -l)) 2 Yl dXj 

3=1 0=1 

. n 2n 

x /~ n (^'(^-i - x 2j - 2 )) 2 (w c '(x 2j - x 2i _i)) 2 n dxj- 

i=i j=i 

< ( n / (^(^)) 2 & J ( fi fu 

x n / (^'(^i)) 2 n / i {i*!«i>fc} (^'o^j)) 2 

(C n /i 3n+|AC| ) 2 , (4.23) 



2.7 



< 



where the last inequality comes from ( 13. 8ft and ( 13. 9p . Combining this 
with (I4.19P we see that 



= 0(h 3n+1 ). (4.24) 



We now study 



2n 



B h (7r,ir',e,e) : = / JJ {l{\ Xl2 .-x h ._ 1 \<h}) n, n', e, e) JJ 

J i=i * j=i 

(4.25) 

Recall that for each 1 < j < n, {vr(2j — 1), vr(2j)} = {hi-i, hi}, for some 
1 < % < n. We identify these relationships by setting i = cr(j) when 
{tt(2j - 1),tt(2j)} = {hi-uki}- We write 

n 

II ^(^(2^-1) - ar w (2i-2)) (4-26) 
i=i 
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where h 3 - = (x^2j-i)-xi 2a(j) _ 1 ) + {xi 2<7U _ 1) _ 1 -x^ 2 j-2))- Note that because 
of the presence of the term H2=i (l{\x l2 .-x l2 . J</i}) m the integral in (I4.25P 
we need only be concerned with values of \hj\ < 2h, 1 < j < n. 

Similarly we set i = cr'(j) when {7r'(2j — 1), n'(2j)} = {hi-i, hi}, and 
write 



n 

II uC '( X ^'(2j-l) - ^7r'(2j-2)) (4.27) 



3=1 

n 
3=1 



where ^ = (avpj-i) - ^ 2<r , w _J + (z^,^^ _ 2V(2i-2))- A s above we 
need only be concerned with values of \h' 3 \ < 2h, 1 < j < n. 

We substitute ( 147261) and (14727)) into the term T h (x; it, it', e, e) in (14725]) 
and expand the products so that we can write B h (n, it', e, e) as a sum of 
many terms to get 

. n 2n 

B h (ir, it', e,e) := / [| (l{|x i2i -x i2i _ 1 \<h}) T h {x; it, it', e, e) + £ 2 ,h 

i=i 11 j=l 

(4.28) 

where 

n 

f h (x; 7T,7r',e,e) = l[A h A- h u< : (x hi -x l2i _ 1 ) (4.29) 



8=1 



3=1 

n 



i=l 



and 



3=1 



^2,/t = X! E 2l h;A,A'i (4.30) 
A,A'C[l,...,n] 



where 

„ n n 
E 2 ,h;A,A' ■= J II ( 1 {|*i w -*i w _ x I<A}) II A^A^W^X^) - X n{2j -i)) 



i=l 3=1 
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X II u< ( x h* U )-i ~ ^2 CT o-d-i) II AhjuC (%l2a W -i -^a„y-i)-i) 
jeA jeA c 



IJ A fc A" V(x^ (2fc ) - x^(2*-i)) (4.31) 
fc=i 

n m (^'(^-l _ x '2 CT '(fc-i)-i) 



X 

A-.-. I 

TT / 

X 

fceA 

2n 



fceA /c j=i 



and A c and A /c are not both empty. 
Using (13. 5p we see that 

„ n 

\E W \ < C-h\ A ^\ J J] (ifl^-,^!^}) (4-32) 

ra n 

n ^(^i) - ^i-i)) n mC k ct(J )-i - x h, (j -i)-x) 

i=i j=i 

n n 

n w( '(^'(2fc) - ^'(2fc~i)) n uC '( x h* w -i 

k=l k=l 

Using the Cauchy-Schwarz inequality as in (14.231) . we see that 

\E 2MAA ,\ < Ch^ A W\. (4.33) 
It now follows from (I4.30p that 

E 2 , h = 0(h 3n+1 ). (4.34) 

We now consider 

. n 2n 

B h (n,7i',e,e) : = / l[(l{\x l2i -x h ._ 1 \<h})T h (x] n,7i',e,e)l[ dxj. 

J i=l j=l 

(4.35) 

Using fT47L8]) and fT4T24"j) we see that 

, 2n 

B h (ir, ir', e,e)= I T h (x; vr, vr', e, e) J] dx, + 0(h 3n+1 ). (4.36) 
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Using (14.291) we see that 

r ~ 2n 

I T h (x; 7r,7r',e,e) J[ dxj 

„ n 

= j nA»A-»tt«( I(j( - %1 ) (4.37) 



x n "WrvD-ii 



n 

i=i 

ra 2n 

x n uC 'k^ w -i ~ x ^ CT 'y-i)-i) n dx i- 
j=i i=i 

We make the change of variables xi 2i — > xi 2i + xi 2i _ 17 i = 1, . . . ,n and 
write this as 

. n n 

/ UA h A- h u<(x hi ) n ^K^., 
1=1 j=l 

ran 2n 

^A'A^/fe) II ^(aW. - ^o-d-i) n 

i=l j'=l i=l 

We now rearrange the integrals with respect to a?j a , x« 4 , . . . , x; 2n and 

get 

/n n 
i=l i=l 

(4.38) 

Writing y a{j) = xi 2a{j) ^,y a , {j) = i^^^ and using (J3~2]) we can write 
this as 

/ f h (x; „y,e,e) ft dx 3 = ( W(1 + ° (/l)) ) n (4.39) 

. n n 
X / II _ Va{j-l))U C '(ya'(j) ~ Va'(j-l)) Yl d Vi' 

J 1 ■ 1 



3=1 i=l 
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Considering pg| . fOIj) and (QSjl we see that 



T h (x; n,n',e,e] 



2n {8h 3 \ n r n 

II dx J = y—J J II « C (^(i) - ^O'-d) ( 4 - 4 °) 

n 

x« c '(y CT '(i) - y^o-i)) II + o(h 3n+1 ). 

8=1 

In the first paragraph of this subsection we explain what we mean 
by (ir, 7r') ~ T 3 , for a pairing P = {(Z 2 i— 1, ^2«) , 1 < i < n} of the 
integers [1, 2n] and permutations tt, tt' of [1, 2n] that are compatible 
with V. Obviously, there are many such pairs. There are 2 2n ways 
we can interchange the two elements of each pair rr(2j — l),7r(2j), and 
7r'(2j — l),7r'(2j) without changing (14 .40 p . Furthermore, by permuting 
the pairs {7r(2j — 1), ir(2j)} we give rise to all possible permutations a of 
[l,n], and similarly for tt'. Consequently, 



^ / 7r,7r',e,e) J| da^ 

(7T,7r')~P i=l 

{32h 3 \ n r n , n 

= ^ / n nC (^o) - y<r(,--i)) « c (2/ CT 'o) - y<x'(i-i)) n d & 

V I a,a' J j = l i=l 

+0(/i 3n+1 ) 

= (^)^{(/ ^f^)"} + 0(/^ +1 ). (4.41) 

Here the sum in the second line runs over all permutations a, a' of 
{1, . . . , n} and <r(0) = ct'(0) = 0. The final line of fICTD follows from the 
Kac moment formula, (14.31) . 

Since there are (2n)\/(2 n n\) pairings of the 2n elements {1, . . . , 2n} 
we obtain (14.131) . 

In the next two subsections we obtain (14. 14j) . 



4.2 a = a' = e without compatible permutations 

Consider the multigraph G n y whose vertices consist of {1, ... , 2n) and 
assign an edge between the vertices 7r(2j — 1) and 7r(2j) for each j = 
1, . . . , n and similarly between ir'(2j — 1) and 7r'(2j) for each j — 1, . . . , n. 
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Each vertex is connected to two edges, and it is possible to have two edges 
between any two vertices Note that the connected components Cj, 
j = 1, . . . , k of G n y consist of cycles. (For example, in Subsection 14.11 
all the cycles are of order two.) 



Let Cj = {ji, . . . ,ji(j)} be written in cyclic order where = \C 



31- 



Clearly J2j=i = ^n. We show that when all the cycles are not of 
order two, as they are in the case of compatible permutations considered 
in Subsection 14. 1[ then 

- 2n 

/ T h (x; 7r,7r',e, e) J[ dx. 



3=1 



< Ch A ' 



3n+l 



(4.42) 



Since we only need an upper bound, we take absolute values in the 
integrand and get 



. 2n 

/ T h (x; 7r,7r', e, e) ]\ dxj 

J 7=1 



(4.43) 



< 



11(^(^2 x ji) ' ' ' w ( x ji(j) x h(j)-i) w i x h x Ji(j))) 



X Yl u(x n ( 2 j-l) 
3=1 



2n 

x n(2j-2)) U( x n'(2j-1) ~ 2V(2j-2)) H dXj, 

3=1 



where we use the notation u(x) to denote either vfi(x) or vfi (x), and w(x) 
to denote either w^(x) or (x). (w^(x) is defined in (14.201) .) Note that 
we group the functions w according to the cycles. 



For each j = 1 
note that Xj=2 Vn 



k we set 



■^3i ' 



/(j),, and 



x 
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Xj in ). It is easy to see that the 2n — k 



variables {y^ \ j = 1, . . . , k ; i = 2, . . . , are linearly independent. We 
then choose an additional k variables z\ ; I = 1 , . . . , k from amongst the 
variables {x n ( 2 j-i) - x ir(2j-2) , av^-i) - x n>(2j-2) ', 1 < j < n} so that 



{Vii I 3 



k-i = 2,...,/(j)} U{zi\l 



k} are linearly inde- 



pendent and generate {xi, . . . ,X2 n }- We make this change of variables 
and use the fact that u(x) is bounded and integrable, followed by (13. 6p 
and (I3.10p . to see that 



/ 



2d 



T h (x] 7r,7r',e,e) J| dx 3 

3=1 



(4.44) 
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< C f[ I J w(y h ) ■ ■ -w(y jlU) )w ( £ y k j f[ dy k 

< C f[ sup \w(x)\ yj w(y) dy ^ 



3=1 

<cf[h 1+2 ^-v = cf[h 2l ^-\ 

3=1 3=1 

(Note that the only dependence on ( and (' is in the constant C.) 
Since Ylj=\ Kf) = 2n , we see f rom (14.441) that 

2n 

in— k /-i i,3n lti— k 



J T h (x; 7r,7r',e,e) f[ dx 



3 

3=1 



< Ch in ~ k = Ch in h n ~ k . (4.45) 



It is easily seen that for non-compatible permutations we have k < n, 
which proves (14.421) . 

4.3 When a = a' = e does not hold 

We now consider all partitions 7r and tt' when a = a' = e does not hold. 
Consider the basic formula (14.91) . Since we only need an upper bound, 
we take absolute values in the integrand as in (14 .43 p . Since a = a' = e 
does not hold there are terms in which only one A h is applied to a or 

We use the notation u and w defined right after (14 .43 p . If there are 
k < 2n factors of the type w, then there are 2(2n — k) factors of the type 
A ±h u. We use (13.51) to pull out a factor of 

^2(2n-fc)_ ( 44g ) 

from the basic formula (14 .9p , and are left with an integral like the one on 
the right-hand side of (14.431) . except that there are k factors of the form 
w which may be linked in chains as well as in cycles and there are An — k 
factors of type u. We denote this integral by J^. 

As in (14.431) . we arrange the w factors into cycles and chains. We 
then change variables and integrate the w factors. As in (14.441) a cycle of 
length / gives a contribution that is bounded by Ch 1 ^ 1 ^ 1 ^ = Ch 21 ^ 1 . In 
addition, by (I3.10p . chain of length I' gives a contribution that is bounded 
by Ch 21 '. 
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If there are j cycles of lengths i = 1, . . . , j and f chains of lengths 
i = 1, . . . , /, we have 



Ei(0+Ei'(0 = *- 

i=l i=l 



Therefore 



< ch 2k - ] . 



Together with (I4.46P this shows that 



As in (I4.45P we see that 



2/i 



Th(x; 7i,ii',a,d) ]^[ dxj 



< Ch 



3n+l 



(4.47) 



(4.48) 



„ 2n 

/ T h (x- Ti, it', a, a ) n dxj\ < Ch An - j = Ch 3n h n - j . (4.49) 

J 3=1 



(4.50) 



We have established (14.131) when m is even. We now show that we 
get the same estimates when and vfi are replaced by and &\ 
(see (USD and 

The key observation that explains this is that in applying the product 
formula (j4.5j) . the only terms of the form — y) that may have x 
replaced by x + h are those to which is not applied. Similarly y may 
be replaced by y + h only if Ay is not applied to a term of the form 
u^(x — y). Consequently, in evaluating (I4.10p with Th replaced by 7^' we 
still have A^A^w^ = A h A- h u c and similarly for A h A- h u c '*K 

It is easy to see that the presence of the terms in or 

A ±h 

u^, or 

in vS or A ±h u^ have no effect on the integrals that are 0(h 3n+1 ^ 2 ) as 
h — > 0. (I.e. the terms that are equal to in (14.101) .) This is because in 
evaluating these expressions we either integrate over all of R 1 or else use 
bounds that hold on all of R 1 . 

They do have an effect on the terms for which the limit in (I4.10p are 
not zero. For example, instead of the right-hand side of (14.401) . we now 
have 



23 



f8h 3 \ n f n 

n 

x u c '-v -) - ^ -_ 1} ) n % + o(/i 3n+i ). 

i=i 

Suppose that ^(^(i) - Va(i-i)) = w C (2/<r(i) - y<x(i-i) ± h). We write this 
term as 

u a {ya(i)-y c (i-i)) = ^(y^-y^^+A^u^y^-y^!)) (4.52) 

and similarly for vfi'^. Substituting these expressions into (14.511) and 
using (13.51) it is easy to see that (I4.5ip is asymptotically equivalent to 
the right-hand side of (I4.13P when m is even. (The error term may be 
different). Thus we see that replacing and «"> by vfi'^ and vfi does 
not change (14. 10[) when m is even. 

It is rather obvious that the limit in (I4.10p is zero when m is odd 
because in this case we can not construct a graph with all cycles of order 
2. The extension of this limit when and are replaced by v£'* and 
follows as above. □ 



5 Proof of Lemma 2.3 



For h = it suffices to show that 

G Q (s,t) :=E{( I L x s L x t dx 



(5.1) 



is a non-negative, polynomially bounded continuous increasing function 
of (s, t). The fact that Go(s,t) is a non-negative, increasing function of 
(s, t) follows immediately from the fact that the local times L x s and L x 
have these properties. 

To prove continuity we note that for all |r|, \r'\ < r , / L x +r L x +r , dx < 
J L x +rQ L x +ro dx. Therefore continuity follows from the Dominated Con- 
vergence Theorem and the continuity of local times once we show that 
for all s, t 



L s dx 



(5.2) 
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has all moments. It follows from the Cauchy-Schwarz inequality, the 
scaling relationship (11.91) . and (12.21) . that 



E{[ I L x s L x t dx ) \ (5.3) 

n / 2 1 f / r f~ \ 2 \ n / 2 l 



<#{(/ {LlfdxJ ^EUj (L*) 2 dx 
< (stf^E { (/ (LD 2 dx y /2 \ E { (/ (Z?) 2 da 



< C(st) 



3n/4 



In addition to showing that (15. 2p has all moments, this also shows that 
G (s,t) is a polynomially bounded function of (s,t). 

We now consider Fh(s,t) for h > 0. It suffices to show that 

G fc (*. t) :=E(JJ {L: +h - L*){L* +h - If) dx)™) (5.4) 

is a non-negative, polynomialy bounded, continuous increasing function 
of (s,t). 

Let W t denote Brownian motion and let / G S{R 1 ) be a positive 
symmetric function supported on [— 1, 1] with / f(x) dx = 1. Set f e (%) = 
f(x/e)/e and 

L x s ,e= [ S fe(W r - x) dr. (5.5) 
Jo 

It follows from 0, Lemma 2.4.1] that 



/• '■ •/.; )] (5.6) 



U' =1 
m 



= iimE i n(^ +h - s i - ^ 

Using the Fourier transform 

LIT ~ L le = J e- ipx {e- iph - l)/(ep) jT e ipHV dr dp (5.7) 
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we have 

(m 
U.(LZ +h - L%) ] (5.8) 



in 



„ I m \ m 

J[o,s\ y j=1 j j=1 



Note that 



„ I m \ m 



(5.9) 



£/,o< < < <» B n «*- u,w " n*. 

„. J{0<ri<-<r m <s} \ =1 / j=1 



in 



= I E[H e i( S^^w)(^-^-i) | J| dr 

n ^{0<ri<-<r m <s} \^ =1 y j=1 

= Y \\ e ~ { ^^ ^~ r ^ TT d r , 

Vi{0<n<-<r m < s }' = i / = i 

Since this is bounded and integrable in pi, . . . ,p m , and f(ep) < C, we 
can take the limit as e goes to zero in (15.81) and hence in (15.61) . to see that 

Hs/.:-'' -/.:)(/.; '-a; sj (5.10) 

m 

TT e -i(Pj+p'i>j( e -iPjh _ ft^-ip'jh _ ft 

K i=i 



j 



x 



/ £ TT / E I TT e iPj T 'i TT dr' dr, d Pi dp' 

It now follows from Parseval's Theorem that 
G h (s,t) = E I U(L^ h - I.: )( I:;-'" - IV) II dxj (5.11) 

ipjh i 1 2 



JJ |e- ip ^ - 1| 



(27r) m ^ m / =1 

* (ft^S /^(ft^) ft w> 



-"■■ S -"' \j 1 / \./: I / / 1 
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The fact that Gh{s,t) is a non-negative, increasing function of (s,t) fol- 
lows from this and (15. 9p . The fact that Gh(s, t) is a polynomialy bounded 
continuous function of (s, t), follows as in the proof for Gq(s, t) if we note 

that by translation invariance J [L x s +h ^j dx = J {L x ) 2 dx so that, as in 

(ED, 




(5.12) 



< C{stf n '\ 



n 



6 Proof of Theorem 1.1 



The proof of Theorem 11.11 follows from the next lemma exactly as in the 
proof of Theorem 11.21 on page El 

Lemma 6.1 For each integer m > and t G R + 

^(?)M(MH1 

otherwise. 

We use the next lemma in the proof of Lemma 16.11 It is proved in 
Section [7J 

Lemma 6.2 Let be an exponential random variable with mean l/£. 
For each integer m > 0, 

f(Lt+ h -L* x fdx-4h\^ 



lim E i , 

h-*o \\ h 3 ' 2 
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(2n)\ /64\ 



2 n n\ \ 3 



-) E {(J (Lt ( ) 2 dxj} ifm = 2n 



(6.2) 



otherwise 
Proof of Lemma 16.11 We write (16.21) as 

' J(L x + h - L x s ) 2 dx - AhsY 



lim 

h^O Jo 



h*/ 2 



ds (6.3) 



/V^jrT (y/(^) 2 ^ 



m/2' 



ds. 



Let 



F m ,h(s) := E 



f(L x + h - L x s ) 2 dx-4hs 

W 2 



and 



F mfi (s):=E{ V m [^ KLffdx 



m/2~ 



h > (6.4) 



(6.5) 



Then (16.31) can be written as 



lim 

h^OJo 



Cs F m Js)ds 



Cs F m n(s) ds. 



(6.6) 



We consider first the case when m is even and write m = 2n. In 
this case F2 n ,h{.s) > and the extended continuity theorem [3J XIII. 1, 
Theorem 2a] applied to (16.61) implies that 



lim / F 2n ,h(s)ds 

h-*0 Jo 



2n,0 



s) ds 



for all t. In particular, 



lim 



t+8 



2n,h 



s) ds 



t+S 



2n,0 



s) ds. 



(6.7) 



(6.8) 



It follows from the proof of Lemma [5] that i*2n,o(0 is continuous in t. 
Consequently, 



1 - 

lim lim - / F 2n , h {s) ds = F 2nfi {t). 



8^0 h^O 5 Jt 



(6.9) 
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When t = we get 



1 r 5 - 

lim lim - / F 2nh (s)ds = 0. 

5^0+ h^O+ 5 JO 



To obtain (16.11) when m is even we must show that 

liniF 2ni/l (t) = F 2n ,o{t)- 



This follows from (16.91) once we show that 



1 rt+6 ^ 

lim lim - / F 2nh (s) ds = lim F 2n ,h{t)- 



(6.10) 



(6.11) 



(6.12) 



We proceed to obtain (16.121) . 
For s > t we write 



+ 



(L*+ h - L x s ) - (Lf +h - Lf) 'dx - Ah(s - t) 



- x+h 



(L 



x+h 
t 



L x t ) 



{L x +h _ L x } 



(LI 



x+h 



L x t ) 



dx >. 



We use the triangle inequality with respect to the norm || • \\ 2n to see 
that 



i 



U/(2n) 
,h 

+{, 

+2S.E 
Note that 



(6.14) 



h 3/2 



(L* +h - L*) - (L? +ft - L*) ~dx - Ah(s - t) 



h 3 / 2 { 



{L x+h - L*) {Ll +h - L*) - (L 



- x+h 
J t 



L x t ) 



dx 



(L: +h - l x 8 ) - m +h - l*)] 2 dx k I - Lufdx (6.15) 



and 



[L x+h _ ^ {L x+h _ ^ _ {L x 



■x+h j x\ 



dx 



(6.16) 



[L* +h - L*\[l£* - L*_ t ]dx. 
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Hence we can write (I6.14p as 



=a/(2r0. 

2n,h ' 



s) < F 



l/(2n) 



2n,h 



(6.17) 



+2{E 



h 3/2 



[L* +h -L*][L 



x~\ \ j x+h 

s-t 



L x s _ t }dx 



2/i 



We now use the triangle inequality with respect to the norm in L 2n ([t, t + 
5], ds) to see that 



1 r t+s 



F 2n , h (s)ds\- < FHSr\t) 



l r t+s 



5 



F 2n ,h{s - t)ds \ "(6.18) 



l r t+s 



E 



h 3/2 



m +k — l%\ [l 



x] \ j x+h 
s-t 



L x s -t\dx 



2n 



ds 



A similar argument starting with (16.131) shows that 



1 r t+s 



F 2n , h (s)dsy > F l 2 if\t) 



1 r t+s 



5 



F 2n , h {s - t)ds\ "(6.19) 



l r t+5 



E 



h 3/2 



[L*+ h - L*][L*+ t h - L*_ t ]dx 



■ xi r t x+h 



2n 



ds 



Since 



1 r t+s - 1 f s ~ 

F 2n ,h(s - t)ds = - / F 2n , h (s)ds 
o Jo 



6 



(6.20) 



we see from f 1 6 . 1 1) that to prove (16.121) it only remains to show that 



lim lim sup — 



1 r t+5 



E 



h 3/2 



r t x+h TXTrrx+h 



L x s _ t ]dx 



2/1 



ds = 0. 



(6.21) 



By the monotonicity property of Fh(s } t;m) given in Lemma [2.31 



l r t+5 

5 



E 

< E 



h 3/2 

1 



1 2n 



h 3/2 



_ L x ][L x+ h _ L x ]dx 



ds (6.22) 



2/i 



Thus (16.211) follows from the fact that 

1 



lim lim sup E 



h 3/2 



(L* +h - L*){Lr h - L* 5 )dx 
30 



2/i 



(6.23) 



which, itself, is a simple consequence of ( 12.131) and Lemma \2. 31 Thus we 
obtain (16. lip and hence (16.11) when m is even. 

In order to obtain (16. lip when m is odd we first show that 

supF 2 n,/,(t)<Ct 3 " /2 . (6.24) 

h>0 

To see this we observe that by first changing variables and then using 
the scaling relationship (11.91) with h = we have 



Vt J ( L f (*+^ 1/2 ) _ L f x f dx (6.25) 
t 3 / 2 J \Ll +ht ' in - L\) 2 dx. 



Therefore 

J(Lr h -L't) 2 dx-4ht c t^(jm +ht ~ 1/2 -L^dx-Aht- 1 



/2 



h 3/2 



f 3/4 



(KM 



x+ht- 1 / 2 



h 3/2 

- L\) 2 dx - Ahr 1 ' 2 



(fa-l/2)3/2 



so that for any integer m 

F m ,h{t) = t 3m/A F mM -i/ 2 (l). 
Therefore to prove (I6.24p we need only show that 

sup sup F 2 w -i /2 (l) < C. 

t h>0 

It follows from (16.111) that for some 5 > 

sup F 2nM - 1/2 (l) < C. 

{t,h\ht- 1 / 2 <5} 

On the other hand, for ht^ 1 ^ 2 > 5 

(j\Ll +ht ~ 1/2 - L*) 2 dx - Ahr 1 ' 2 



(6.26) 
(6.27) 
(6.28) 

(6.29) 



(/rf-l/2)3/2 

< 5~ 3/2 j(Ll +ht ' l/2 - LI) 2 dx + AS' 1/2 
<4cT 3 / 2 J \Ll) 2 dx + A5- 1 ' 2 <oo 



(6.30) 
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since J(Lf) 2 dx has finite moments. (See §F2$. Using flg]Zg} and ipi| 
we get (16.281) and hence (16.241) . It then follows from the Cauchy-Schwarz 
inequality that 

sup|F m , fc (t)| <Ct 3m/4 (6.31) 

h>0 

for all integers m. 

We next show that for any integer m, the family of functions {F m ,h(t)', h} 
is equicontinuous in t, that is, for each t and e > we can find a 5 > 
such that 

sup sup \F mih (t) - F m>h (s)\ < e. (6.32) 

{a I \s-t\<8} h>0 



Let 



/(Lr - LfYdx-Aht 
W 2 



(6.33) 



Applying the identity A m — B m = Y,™^A j (A - B)B m -^ 1 with A 
$ h (t), B = <S> h (s) gives 



m—l 



F m , h (t) - F m>h (s) = Mt) j ($h(t) ~ $ft(s))$fc(s) m ~ i_1 (6.34) 

3=0 

Consequently by using the Cauchy-Schwarz inequality twice and (16.311) . 
we see that 

sup sup \F mjh (t) - F mA (s)\ < Ct, m sup sup \\$h{t) ~ $h{s)h- 

{s | \s-t\<8} h>0 {s | \s-t\<6} h>0 

(6.35) 

Using (I6.13I) - (I6.16I) . we see that to obtain (16.321) it suffices to show that 
for some 5 > 

(6.36) 



sup sup F 2 .h(s) < e 

{s | s<<5} h>0 



and for any T < oo 



sup sup sup E 

{t<T}{s<8} h>0 

By (16341) 



h 3/2 



(Lr h -L*)(L*+ h -L:)dx 



sn P F 2)h (s)<Cs 3 / 2 , 

h>0 



< e. (6.37) 



(6.38) 
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which immediately gives (16.361) . Furthermore, applying the Cauchy- 
Schwarz inequality in (15.111) and using (15.91) to see that 



[o,ty 



JPjWr. 



n dr i 

3=1 



(6.39) 



is positive and increasing in t, we see that for all t < T 

1 , n2 



E 



h 3/2 

< f E 



(L* +h -L*)(L* +h -L*)dx 
1 



(6.40) 



h 3/2 

x f E 



m +h -L*)m +fi -L*)dx 



1/2 



h 3/2 



{L* +h - Ll){L x s +h - LI) dx 



x+h T x \ 



1/2 



< E 



1 



^3/2 

x | £ 



1 2 N 



1/2 



^3/2 



(Z£ +fc — Lg) (Lg — L x s ) dx 



1/2 



Using the scaling relationship, as in (16.261) . we see that 



E 



h 3/2 



(L*+ h -L*)(L* +h -L*)dx 



(6.41) 



5 3/4£ 



(^-1/2)3/2 



{LI 



x+hs' 1 / 2 



Lf)(Lf 



Following the proof of (16.281) we see that the expectation is bounded in 
s and h. Therefore, by taking 5 sufficiently small we get (16.371) . This 
establishes ( I6.32p . 

We now obtain (16.11) when m is odd. By equicontinuity, for any 
sequence /i n -> 0, we can find a subsequence h n . — >• 0, such that 



lim F m h (t) 



(6.42) 



converges to a continuous function which we denote by F m (t). It remains 
to show that 

F m (t) = 0. (6.43) 
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Let 

G m , h (t) := e-'F^t) and G m (t) : = e"*F m (t). (6.44) 
By (EMD 

sup sup |G m ,h(i)| < C and lim supG m; / l (t) = 0. (6.45) 

h>0 t fc>0 

It then follows from (16.61) and the dominated convergence theorem that 
for all C > 

/■oo 

/ e- (s G m (s) ds = 0. (6.46) 
Jo 

We obtain (16.431) by showing that G m (s) = 0. 

It follows from (I6.45P that G m (t) is a continuous bounded function on 
R + that goes to zero as t — ► oo. By the Stone- Weierstrass Theorem; (see 
0, Lemma 5.4]), for any e > 0, we can find a finite linear combination of 
the form Y%=x Cie - ^ such that 



sup|G m (£)-X>e-^| <e. (6.47) 

Therefore, by ( 16.461) 

j Q e- s G 2 m (s)ds = J o e~ s iY^c^jGrn^ds (6.48) 

/■oo / n \ 

+ ^ e~ s f G m (s) - £ c.e-^J G m (s) 
= ^ e-MG w (s)-^Qe-^jG m ( S )(i S 

< 2efr e -*5^( a )cfaV /a (6.49) 



n 



by the Cauchy-Schwarz inequality and (I6.47p . Thus J °° e~ s G m (s) ds = 
which implies that G m (s) = 0. n 
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7 Proof of Lemma 16.2 



Proof of Lemma 16.21 Our goal is the obtain the asymptotic behavior 
of the m-th moment of 



— W> 1 (7-1) 

as h — * 0. In the numerator we have the term AhX^. Note that by 
Lemma 18.11 this is necessary in order that the expected value of the 
numerator goes to 0. Since we have h 3 ^ 2 in the denominator in ( 17. II) . 
and 0(h/h 3 / 2 ) = 0(/i -1 ' 2 ), we must show that in the expansion of the 
expectation of the m-th moment of ( 17. ip . the terms that would cause it 
to blow up are canceled. We do this in the first part of this proof. 

Note that 

J Lt c dx = Af. (7.2) 
Using this and (13.41) . we write the left-hand side of (16. 2p as 

**e mw-w*-^-w)iwy\ . (7 . 3) 

For any integer m we have 

E^J{L x x + h -L x Xc ) 2 dx-2A h A- h u <; (0) J L^dx^^j (7.4) 

= E (f[ (/ (L^ +h - L^f dxi - 2A h A- h vH0) J dx^ 
E (-l)' AC| ^ffn [(L^-L^/dx) 

(l,...,m> \\i£A J / 



AC{l,...,m} 

X 



We now show that there are many cancelations in the final equa- 
tion in ( 17.4p . that eliminate the problematical terms we discussed in the 
beginning of this proof, and also significantly simplifies it. 

Consider a generic term in the final equation in (17.41) without the 
integrals. To clarify what is going on we calculate 



E (l[(L x >:; h - L%)(L% + h - L%) J] 2A^A-V(0)L-) 



(7.5) 
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keeping in mind that = Xi for all 1 < i < m. Using the Kac moment 
formula, 03. 2p . we have 



(7.6) 



E (U( L Z +h ~ Lll)(L% +h - L%) n 2A h A-V(0)2$) 

= ( n < a *) ^ f n ^* n 2a*a-v(o)l^ 

VieA / \ieA ieA c / 

/ \ m+|A| 

2A ft A-V(o))' E n« c Ki)-^(i-i)) 



VieA / o-gBa j=l 

where the sum runs over Ba, the set of all bijections 

a : [1, . . . , m + \A\] i-> {a*, i G A}U i G A c }. (7.7) 
As we did in the beginning of Section [4] we use the product rule 

A h x {f(x)g(x)} = {A h J(x)}g(x + h) + f(x){A h x g(x)} (7.8) 

to expand the last line of (17. 6p into a sum of many terms, over all a G Ba 
and all ways to allocate each difference operator, A^. and Ay., i,j G A, to 
the terms u^(a(j) —u{j — 1)) in which <j(j — 1) and/or a(j) are contained 
in A. After setting all t/i = Xi we can then write (17. 6p as 

(2A ft A-V(0))' AC| (7.9) 

771-}- 1^4.1 

e n Kw)" ' ( 4 *-.i)" 61 - °u - !)) L_„ Vj 

where the sum runs over a G £>a and all a = (ai, a 2 ) : [1, . . . , m + | A\] i— »■ 
{0, 1} x {0, 1}, with the restriction that for each z G A there is exactly 
one factor of the form A 1 ! and one factor of the form A^ , and there are 
no such factors for % G A c . (Here we define (A^.)° = 1 and (Aq) = 1.) 
In this formula, vt'*(x) can take any of the values v£(x), u^(x + h) or 
v£(x — h). (This is because we use (17.81) to pass from the last line of ( 17. 6ft 
to (17.91) . We consider all three possibilities in the subsequent proofs.) It 
is important to recognize that in (17.91) each of the difference operators is 
applied to only one of the terms vfi '*(•). 

We get the simplification of the final equation in ( 17.41) . because many 
terms in the expansion of ( 17.61) for different sets A and a G Ba are the 
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same, and when they are added, as they are in the final equation in (17.41) . 
they cancel. We now make this precise. 

Fix A C {1, . . . , m} and consider a particular bijection a G Ba- Con- 
sider (17.91) for this A and a. For i G A we say that Xi is a bound 
variable, if Xi and x/i are adjacent, i.e., if either (xj, ?/«) = — 1), cx(j')) 
or (i/i, Xi) = (cr(j — 1), o"(j)) for some j. Furthermore, for a given a £ Ba 
that contains bound variables, and a given a, we say that a bound vari- 
able Xi is a singular variable if both A^. and A^. are applied to the factor 
u ( (xi - yi). 

Note that by (17. 8p an /i is not added to x in any u^(-) to which A^ 
is applied. Consequently 

A* A* % ) . =A /l A"V(0). (7.10) 



£/£ — 2*i 



Continuing, we emphasize that the property that x^ is a bound vari- 
able depends only on a. The property that Xi is a a singular variable 
depends on the pair a, a. Let 

5(o", a) = {i | Xj is a singular variable for a, a}. (7-11) 

Consider a term in (17. 9p . with S(a, a) — J C A. Then for each i G J 
we have a unique fcj G [1, m + |A|] such that {a{ki — 1), cr(/cj)} = {xi, yi}. 
Let = {ki, i G J}. Using (I7.10p . we see that the contribution of a, a 
in the second line in (I7.9P is: 



7YL -f- 1 j4 I 

V(a,a) := n (A^,)""" Kh,)'*'" « C 'VW " -0 " D) 



yi=Xi,Vi 



A»A-><uH )f" "*ff ' (A^,)- ' (A^V""" 



X^VOI-^'-l)) v-( 7 ' 12 ) 

Vi=Xi, Vj 

Let 2T(cr) denote the set of all a' G -64 which can be obtained from cr 
by interchanging aiki — 1) and a(fcj) for some set of the elements i G J. 
Clearly V(a',a) = V(cr,a) for all a' G T(cr). Since |X(<t)| = 2^ we see 
that the contribution in the second line in (17. 9p obtained by summing 
over all a' G X(cr) is: 

V(l(a),a) = (2A A A-V(0)) |J| (7.13) 



37 



x 

j=l,j£K 



yi=Xi,Vi 



In what follows given a G Ba, we write it as a vector (c(l), . . . , cr(m + 
|A|)) G _R m+l ^. For any J C A we define <xa-j G Ba-j, by deleting the 
components i G J from (cr(l), . . . , a{m+ \A\)). We only use this latter 
notation when J is contained in the set of singular variables of some a, a. 

As an example of the relationship between a and Z(cr) let m — 3, 
A = {1,2,3}, cr = (xi, x 2 ,2/2, 2/3, £3,2/1) and J = {2,3}. Then 1(a) 
consists of the four bijections 

a = a 1 = (x 1 ,x 2 ,y2,y3,x 3 ,yi) (7.14) 

02 = (xi, 2/2, £2, 2/3, s 3 , 2/1) 

0-3 = (xi, £ 2 , 2/2, ar 3 , 2/3, 2/i) 

0-4 = (xi, 2/2, x 2 , £3, 2/3, 2/i) • 

Also, in the notation just defined C{i,3} = (£1, £2, 2/3, x 3, 2/i), a {i,2} = 
Oi, £2, 2/2, £3, 2/i) and ct{i } = (x 1 ,x 2 ,x 3 ,yi^ 

In the notation just defined, we write (17. 1 3[) as 

v ( x( ff ), ) = (uw m fn J ' K_ j0) ) aiW (^ . 1) )' 4B> 

j'=i 

Vi=Xi, VJ 



where a' is obtained from a = {(ai(j), a2(j))}j=i' j4 ' by deleting from 
the pairs ^(j)) for j G iT, and renumbering the remaining terms 

in increasing order. 

Note that in applying the product formula for difference operators 
(17.81) we can choose which function plays the role of /, and which the 
role of g. When Xi IS 3j bound variable, that is both £j,j/j appear in the 
same vt(-), and we apply (17. 8p to expand A*, we take g to be u^ijji — Xi). 
That is, we take 

A^ixi-a^ixi-yi) = (7.16) 
A^w c (£j - a)u c (xi + h — yi) + u c (xi - a)A^M C (£; - y t ), 

and similarly when we apply (17. 8p to expand A^. . Thus if 2j is a singular 
variable and we apply A^.A^. by the above rule, and then set 2/i = Xi, 
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a 



X j 



(7.17) 



the term that contains A h A h u^(0) is 

u c (xi - o)A h A-V(0)u c (6 

Note that there are no ±h terms added to the yi or Xi. Because of this 
we see that 

M\ 



E V(l(a),a) 

{a | S(a,a)=JCA} 



2A h A~ h u i 



II A* A* uV;(j")-^-j(;-1)) 



\ie.A—J 



(7.18) 



yi=Xi,Vi 



where the notation n indicates that when we use (17.81) to expand the 
second line of (I7.18P we do not apply both A^A^. to the same factor 

■ ). This is because all the singular variable have been removed from 
the S(a,a). The significance of this representation is that it does not 
contain any ambiguous terms vfi™( ■ ). 

For J C A, let tp G Ba-j- We write tp as a vector in R m +\A-J\ 
whose components consist of a permutation of the m + \A — J\ elements 
{xi, yi,i G A — J} U {xi, i G (A — J) c }. Let a be obtained from this vector 
by inserting a component yi, following Xi, for each i 6 J. Considering 
the way <Ja-j wa s obtained from a, (see the paragraph following the one 
containing (I7.14p ). it clear that for this a we have <Ja-j — ^- It then 
follows from this and (I7.18I) that we can rewrite (I7.9P as 



JCA 



(2A /l A-V(0)) (2A /l A"V(0) 



Ml 



\ m+|A-J| 

n A* A* £ n ^(a(j)-a(j-l)) 

£A-J J aeB A -j i=i 

J2 (2A ft A-V(0))' (A " J)C| 



(7.19) 



yi=Xi,Vi 



JCA 



m+\A-J\ 

n «) E n u<(a(j)-a(j-l)) 
veB A _j j=i 



A&A-J 



Hence by (I7.4l) - (l7.9p . for any integer m we have 

e((J (L x + h - L x Xc ) 2 dx - 2A ft A~ V(0) J L x Xq dx 



(7.20) 



E ( 

AC{l,...,m} 



l^Y, j<t>{A-J)dx, 



JCA 
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where the set function is defined by 

(j>{D) : = (2A h A-V(0))' DC| (7.21) 

( I ' \ m+\D\ \ 

I \ieD ) aeB D j=l ) y ' 

It follows from Principle of Inclusion-Exclusion, [TOj p. 66, (8)], that 

E (-l) |AO| £^-J) = #{l,...,Tn}). (7.22) 
AC{i,...,m} JCA 

Referring to (I7.20I) - (I7.22I) we see that to estimate (17.41) we need only 
consider A = {1, . . . , m} and those cases in which each of the 2m differ- 
ence operators A h are assigned either to a unique factor u^(-), or if two 
difference operators are assigned to the same factor vt( • ), it is not of the 
form 11^(0). Therefore, we see that 

E ((/ (Lt+ h - Llfdx - 2A ft A-V(0) J L%. (far)™) (7.23) 

= 2 m Y, f?t(x;«,a)dx, 

neV,a J 

where 

T«(x; Tr.a) = g {<J lU) K U -X U) U ^U) -^O-i)) (7-24) 

j'=i 

and the sum runs over V, the set of all maps ir : [1, . . . , 2m] i— *• [1, . . . , m] 
with |7r _1 (i)| = 2 for each i, and all a = (ai,a 2 ) : [1, . . . ,2m] \— > {0, 1} x 
{0, 1} with the property that for each i there are exactly two factors of 
the form A£. in (17.241) . and if a(j) = (1, 1) for any j, then x^q) ^ x^q-x). 
The factor 2 m in (17.231) comes from the fact that |7r~ 1 (i)| = 2 for each i. 

It follows from (1721) . and (T7T231 that to obtain it suffices 

to show that 




(7.25) 



is equal to the right-hand side of (I6.2p . To simplify the proof we first 
show this with T^(x; n, a) replaced by 

j'=i 
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At the conclusion of this proof we explain why we have the same limits 
when Th(-) is replaced by T^(-). 

From this point on the proof is very similar to the proof of Lemma 
12.21 Let m = 2n. Consider the multigraph G n whose vertices consist of 
{1, . . . , 2n} and we assign an edge between the vertices n(2j — 1) and 
7r(2j) for each j — 1, . . . , 2n. Each vertex is connected to two edges, and 
it is possible to have two edges between any two vertices Note that 
the connected components C,-, j — 1, . . . , k of G n consist of cycles. 



7.1 a = e and all cycles are of order two 

When a = e, (defined just before Subsection 14.11) . we have 

2n 

%{x] 7T, e) = JJ U C (x^ 2 j-l) - ^7r(2i-2)) A h A~ h U C {x^ 2 j) ~ X w ( 2 j_l)). 
3=1 

(7.27) 

Assume now that, in addition, all cycles are of order two. 

Let V = {{hi-iihi) , 1 < « < n} be a pairing of the integers [1, 2n]. 
Let 7r G V, (defined just after (I7.24p ). be such that for each 1 < j < 2n, 
{n(2j — l),7r(2j)} = {hi-ijhi} for some, necessarily unique, 1 < i < n. 
In this case we say that tt is compatible with the pairing V and write this 
as 7r ~ V . (Note that when we write {vr(2j — 1), 7r(2j)} = {l^i-i, hi} we 
mean as two sets, so, according to what ir is, we may have n(2j — 1) = 
l 2i -i, vr(2j) = l 2i or 7r(2j - 1) = l 2i , vr(2j) = l 2i -i-) Whenever n G V is 
such that G n consists only of cycles of order two, n ~ V, for some pairing 
V of the integers [1, 2n]. In this case we have 

T h (x; vr,e) = ]J (& h A~ h u <: {xi 2t - x hi _S) II ^{x^ 2 j-i)-x^2j-2)) ■ 

t=l j=l 



(7.28) 

/ T h (x; tt, e) II rfx,- = / T ljh (x; vr, a) f\ dx 3 + 0(/i 3n+1 ) (7.29) 



Following the proof of Lemma 12.21 we first show that 

2n „ 2n 



3=1 3=1 



where 



2 

T hh (x; vr,e) = (l {lxi2 _ Xhii] < h} ) (A h A- h u c (x hi - x hi _S) 
i=i 
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2n 

X Yl U C (x^ 2 j-l) ~ X v (2j-2)). (7.30) 

i=i 

To prove (IT.29j) we proceed as in fl4.16l) - fl4.19l) . and see that it suffices 
to show that for AC [1, . . . , n] and \A C \ > 1, 



n w 



2n 2n 

) [] = 0(/i 3ri+1 ). (7.31) 

To show this we first choose jk, k = 1, . . . , n, so that 
{z*(2fc-i) - ^(2j fc -2), fc = 1, . . . ,n} U {a; i2! - z = 1, . . . ,n} (7.32) 

spans _R 2n . Let i = 1, . . . , 2n, denote the 2n variables in (17.32p . We 
make the change of variables in (17.311) to {yi, . . . ,y2n}- We then bound 
those terms in u^x^j-i) — x 7T (2j-2)), j = 1> • • • , 2n, that do not map into 
v£(yi), for some i — 1, . . . , 2n; (see (13. ip .) We are then left with an easy 
integral and using (13. 8j) . and (I3.9P and the fact that v£{ ■ ) is integrable 
we get ([LEE]) . 

Analogous to (I4.25P and (I4.26P we now study 

„ 2n 

/ T 1>h (x; 7r, e) J| rfxj. (7.33) 
7 i=i 

Recall that for each 1 < j < 2n, {n(2j — 1), 7r(2j)} = {/2i-i,^2i}, for 
some 1 < i < n. We identify these relationships by setting i = a(j) 
when {7r(2j — 1), 7r(2j)} = {/2i-i,^2i}- In the present situation, in which 
all cycles are of order two, we have a : [1, 2n] i— > [1, n], with |cr _1 (i)| = 2, 
for each 1 < i < n. We write 

2n 

II ^(^(2^-1) - ^7r(2j-2)) (7.34) 

i=i 

2n 

i=l 

where /ij = (^ 7r (2j-i)-^ 2CT(i) _ 1 ) + (^ 2crU _ 1) _ 1 -^(2^-2))- Note that because 

of the presence of the term fI7=i y-{\ x i 2i - x hi il^ fe >) * n ^ ne m t e g ra l i n fl7.33j) 
we need only be concerned with values of \hj\ < 2h, 1 < j ' < 2n. 
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Following (OH]) - (Q3]) we see that 

„ 2n 

/ T lih (x; 7r,e) n dxj (7.35) 
= y n (A'A- 71 u<(ar j2j - x l2i _S) \{ u f (a^,^ - a^^.J J[ dx, 

8=1 j = l j = l 

+0(h 3n+1 ), 

where x_i = 0. 

We now estimate the integral in (17.351) . Using translation invariance 
and then (13.81) we have 

y n (A A A- h ^(^ 2s - a^_j) n « c (*wi - ^-d-j n ^ 

»=i i=i i=i 

/n 2 2n 2n 

n (Va-^j) n « c (^ w _x - ^ tt -D-i) n ^ 

8=1 j = l fc=l 

„ 2n n 

= (8/3 + 0(/ i ))^ 3 " / I] *> C {*h. w -i -^w-u-i) II *«w(7.36) 

i=l fc=l 

We set = x; 2A ,_ 1 and write the last line of (17.361) as 

„ In n 

(8/3) n h 3n / n « C (y.(i) - V*(,-i)) II d Vk + 0(h 3n+1 ). (7.37) 
i=i k=i 

It follows from fl7~29|) and (17351) - (17371) that 

- 2ra 

/ Th(x; 7r, e) <ixj (7.38) 
i=i 

/2n n 
n uC (y°(j) - v*u-q) n ^ + o(h 3n+i ), 

3=1 k=l 

where yo — 0. 

Let .M denote the set of maps o from [1, . . . , 2n] to [1, . . . , n] such 
that |cr _1 (z)| = 2 for all i. For each pairing V of [1, ... , 2n], any 7r e X> 
that is compatible with P, (i.e. n ~ "P), gives rise to such a map a G Al 
Furthermore, any of the 2 2n maps in X> obtained from tt by permuting 
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the 2 elements in any of the 2n pairs {vr(2j — 1), 7r(2j)}, give rise to the 
same map a. In addition, for any a' G A4, we can reorder the 2n pairs 
of 7i to obtain a new 7r' ~ V which gives rise to a'. Thus we have shown 
that 

- 2n 

/ %(x; TV,e)H dxj (7.39) 

TT~V j = l 

t^ 3 ) e / n - ^o-d) n ^ + °( /i3n+1 ) 

J 7 creA4 J j=l k=l 

fh*yE{(J(Li c ydxy} + o(h^) 

where the last line follows from Kac's moment formula. The factor 2~ n 
that appears in the transition from the second to the third line in (I7.39P 
is due to the fact that |cr _1 (i)| = 2 for each i; (see (17.231) ). 

Let Q2 denote the set of n G V such that all cycles of the graph G n 
have order two. Since every such it is compatible with some pairing V, 

, 1 ( 2n Y- , • • 

and there are r such pairings, we see that 

2 n n\ 

/ %{x; ir,e)Hdx j (7.40) 

■K&Q2 j=i 



2 n n\ 



fh 3 ) E{(f(Lt < yd X y} + o(h* 



7.2 a = e and all cycles are not of order two and 

We follow closely the argument in Subsection 14.21 to show that 

. 2n 

j J r{x- 7r,e) n dx 3 \ = 0(h 3n+1 ). (7.41) 

ngG2 j=l 

Let the cycles Cj = {ji, ■ ■ ■ , ji(j)} of G v be written in cyclic order 
where l{j) = \Cj\. Note that EjUKi) = 2n - 

Since we only need an upper bound, we take absolute values in the 
integrand to see that 

. 2n 

J T h (x; 7r,e) J| dxj 



3=1 
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< / E[ (w c (x h - x h ) ■ ■■w c (x jl( . ) - x h{ . ) _ 1 )w^{x h - x n(j) )) 
3=1 

In 2n 

X Yl W C (x 7r (2j_l) -X„(2j-2)) II ( 7 ' 42 ) 
3=1 3=1 

where w^(x) is defined in (I4.20p . Note that we group the functions w 
according to the cycles. 

We now follow the paragraph containing (14.441) verbatim until the 
end of Subsection I4.2[ except that we replace u and w by and w^, to 
get (J73I]). 

When o^e 

. 2n 

EE | / II dx j\ = o(h 3n+1 ). (7.43) 

t a^e J j=l 

This follows easily by obvious modifications of the proof in Subsection 
14.31 similar to the modifications of the proof in Subsection 14.21 that gives 

(EH}. 

We now note that it follows from the arguments in the final three 
paragraphs of the proof of Lemma 12. 2\ on page [23], that for m even 
we obtain the same asymptotic behavior when we replace 7^ (x; n, a) by 
7^(x; 7r, a), and also, that we get the right-hand side of (16.21) for odd 
moments. 

Summing up, we have shown that the only non-zero limits in fl 7 . 2 5 1) 
come from (I7.40p when m is even. Using this in (I7.25p . in which we 
multiply by 2 2n , we see that (I7.25P is equal to the right-hand side of 

(jOD- □ 



8 Expectation 

Lemma 8.1 For h > 

E (y (Ll +h - L%f dx^j =4h + 0{h 2 ), (8.1) 
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as h — > 0. Equivalently, 

E (J (L x t +1 - L x t f dx^j =4t + 0(t 1/2 ), (8.2) 

as t — > oo. 

Proof By the Kac moment formula 

E (j '(L x+h - L\) 2 dx\ (8.3) 
= 2 [ f A h p ri (x)A h p r J0)dr 1 dr 2 dx 



+2 J <i} p ri (x)A h A~ h p r2 (0) dn rfr 2 dx. 

When we integrate with respect to x we get zero in the first integral and 
one in the second. Consequently 

E ( I '{Ll +h - L\) 2 dx] = 2 / 9 A h A- h p r J0)dr 1 dr 2 (8A) 
^ J ' J {Y, i=1 n<l} 

= 4 / (1 - r) (pJO) - pJh)) dr. 
Jo 

Since 

r- — dr< / r—tf-dr = 0{h 2 ). (8.5) 



o ^r Jo wr 



and 

1 — p- h2 / 2r poo h 2 llr 

dr < 1±fL dr = (h 2 ) (8.6) 



'i v r Jl V r 

we see that to prove (18. ip it suffices to show that 



o 



{p r {0) -Pr(h)) dr = h + 0{h 2 ). (8.7) 
This follows from (13.11) since 



(Pr(0) - Pr(h)) dr = lim / e~ ar (pJO) - p r (h)) dr. (8.8) 

"^0 Jo 

Thus we get ( 18. lft ; ( 18. 2ft follows from the scaling property, ( 11. 9p . n 
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